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ON A SOLVABILITY OF LINEAR MULTIPOINT BOUNDARY VALUE PROBLEM FOR
THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS
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A linear multipoint boundary value problem for the system of ordinary differential equations is
considered. The method of parameterization is used for solving the considering problem. The linear
multipoint boundary value problem for the system of ordinary differential equations by introducing
additional parameters at the ends and at points of partition of the interval is reduced to an equivalent
boundary value problem with parameters. The article is illustrated by an example for finding the
solution of the linear three-point boundary value problem for the system of ordinary differential
equations.
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The theory of boundary value problems for ordinary differential equations is one of the actual and
actively developing areas of the qualitative theory of differential equations and applied mathematics [1, 2].

One of constructive and effective methods for solving of the two-point boundary value problems for
ordinary differential equations is a parameterization method [3, 4]. This method, except the proof of the
unique solvability of the investigated problem, gives algorithm of constructing approximate solutions
converging to its exact solution. Parametrization method has allowed establishing the necessary and
sufficient conditions for the unique solvability of the problem in the terms of initial data.

The parametrization method is developed for the multipoint boundary value problems for the systems
of ordinarydifferential equations [5-7], and in this works the effective solvability conditions are established,
and the constructive algorithms for finding a solution are constructed.

The method of parameterization is used for solving a linear multipoint boundary value problem for the
system of ordinary differential equationsin work [8]. The linear multipoint boundary value problem for the
system of ordinary differential equations by introducing additional parameters at the partitioning points of
interval is reduced to an equivalent boundary value problem with parameters. The equivalent boundary value
problem with parameters consist of the Cauchy problem for the system of ordinary differential equations
with parameters, boundary condition and condition of continuity. The solution of the Cauchy problem for the
system of ordinary differential equations with parameters is constructed using the fundamental matrix of the
differential equation. The system of a linear algebraic equations with respect to the parameters are composed
by substituting the values of the corresponding points in the built solutions to the boundary condition and the
condition of continuity. A criterion of the unique solvability of the linear multipoint boundary value problem
for the system of ordinary differential equations in terms of the matrix of system of the linear algebraic
equations with respect to the parameters.

In this paper, parameterization method is also used to solve the linear multipoint boundary-value
problem for a system of ordinary differential equations, only here an additional parameter is also introduced
at the end point of the interval. This means that the number of unknown parameters is greater by one than the
number of unknown functions. This is the novelty of the proposed article.

In the present paper we consider a linear multipoint boundary-value problem for a system of ordinary
differential equations:
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where (nx n)-matrix A(t) and N - vector-function f (t)are continuous on [0,T], B, are constant (nxn)

matrices, j=0,N, d- n-constant vector, O=t, <t <t, <..<ty, <ty =T,[X|= m’i\x|x|
1 n

|A®)| = nnaxﬂa,J t) <a, a—const.

i=1,n j=1

c([0,T] R")is the space of continuous functions x : [0, 7] — R" with the norm|x|, = tmé':lTx”x )]

A solution of problem (1), (2) is a continuously differentiable vector function x(t)on [O,T]Which
satisfies the system of the ordinary differential equations (1) on [O,T] and the multipoint condition (2).
Let us now investigate boundary value problem (1), (2) by the parametrization method. Divide the

N
interval [0, T ] into subintervals: [0,T)=[J[t, .t,).

Let X, (t)be the restriction of function x(t) to the r-th interval [t, ,t, ) ie.x, (t)=x(t), for
telt, ..t ), r=1,N . Then problem (1), (2) is reduced to the equivalent multipoint boundary value problem

ddxtr C A 4 f()telt o), r=IN, (3
N-1

Byx,,(t;)+ By lim x,()=d, deR", (¥
i=0 e

lim x,(t)=x.,(t.), s=LN -1, (5)

t—>t,-0
where (5) are conditions for matching the solution at the interior points of partition [O T]
c(o,TIN,R™)is the space of function systemsx[t]=(x,(t) X, (t)..., x, (t)), where

X, :[t,_,,t, ] = R™arecontinuous and have finite left-sided |ImItSt|I{n0Xr(t), for allr =1, N, with the norm
—t,

[, =max sup x, t)|

r=LN teft, ;.t,)
A solution of problem (3)-(5) is a system of function X[t]=(x,(t), X, (t)... x, (t))e (0, T} N,R™ )

with continuously differentiable functions x, (t), r = 1_N on [tr_l,tr)satisfying, the system of ordinary
differential equations (3) and conditions (4), (5).
Introducing the additional parameters A, =X, (t,;), r=1,N, 2, =X, (ty), and performing a

replacement of the function u, (t)= x, (t)— 4, on each r-th interval, we obtain the boundary value problem
with parameters:

= AbJu, )+ A ]+ fb) telt o t) r=1N,()
ut4)=0, r=1LN,()

N
ZBJ./%Hl =d, deR",(8)

A+ lim u (t)=A.,,s=1N.(9

S+11
A solution of problem (6) - (9) is a palr (4, uftDwith elements A = (4, A, ..., Ay, ) € R™D,

uft]= (U (t), u, (t),.... uy (t)) e (0, T] N,R™ Jarecontinuously differentiable on [t, ,,t,), r=1N, and
satisfy the system of the ordinary differential equations (6) and the conditions (7) - (9) at the
A =4, r=LN+1.
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The number of entered parameters will be one more than the numberof unknown functions. This is due
to the fact that in the givenscheme of the parametrization method one more parameter is addedat the point
t=T.

Problems (1), (2) and (6) - (9) are equivalent. If x(t)is a solution to problem (1), (2), then the pair
(A, u[t]) where A= (X (ty), Xy (t)),ery Xy (ty)), ULt] = (X, (1) — X, (E), X, (1) — X, (L)), ..,

Xy (1) — X, (ty_1)), is a solution to problem (6)-(9). Conversely, if the pair (/T,J[t]) with elements
A=A 2y or), G1t] = @, (1), T, (0),..., T, (£)), is a solution to problem (6)-(9), then the function X(t)

defined by the equalities X(t)=T.(t)+ 4, telt.t ), r=LN, X(T)=Ay.,, is a solution to the origin
boundary value problem (1), (2).
Using the fundamental matrix ®(t)of differential equation % =A(t)x on [t, ,,t,), r=1N, we

reduce the Cauchy problem for the system of ordinary differential equations with parameters (6), (7) to the
equivalent system of integral equations:

0, ()= () [ (AN, + (e, teltt) r=1N.00)

Solving (10), we find a representation of u, (t)in terms of A € R"™* and f(t). Substituting
theminto (8) and (9) yields a system of algebraic equations for finding the unknown parameters
A, r=1LN+1:

r

N
z j j+1 d (11)
j=0

A, + 0t ICD A dr—A,., ch o)z, s =1 N. (12)

Denote the matrix correspondlngto the left-hand side of the system of (11), (12) by Q| the system can be
written as

Qi=-F, (13
where

t It
F=|-d, o) @) ()dr... Dty ) [0 () (c)dz, D(T jqfl
0 tn-2 I
It is not difficult to establish that the solvability of the boundary value problem (1), (2) is equivalent to
the solvability of the system (13).

The solution of system (13) the vector A" = (ﬂlﬂz Nﬂ)e R"™N*Y consists of the initial value
problem (1), (2) in the initial points of sub-intervals, i.e., 27 = x7(t,, ), r =1, N, 25, = X (ty).
If you know the A" = (/11,/1’;,..., I,‘M) is solution of the system (13), then the solution of the problem
(1), (2) is determined by the equalities:
t J—
X*(t)= dO)Dt, )4 + (1) [@H(c)f(r)dz, telt, .t ) r=1LN,(14)

tr—l

T
X (T)=T)D  ty 4 My +@(T) [@(e)f (r)dz. (15)
N1
Thus, in this case, we obtain the solution of the linear multipoint boundary value problem for system
of ordinarydifferential equations (1), (2) in an analytical form (14), (15).
We give an example to show that our assumptions can be satisfied.
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Example. Consider on [0,1] the linear three-point boundary value problem for system of ordinary
differential equations:

% = A(t)x+ f(t), te[01], xeR?, (16)
B, X(t,) + Byx(t,) + B,x(t,) =d, deR?, (17)

01 —t34+2t-2 2 1
WhereA(t):(2 J, f(t)=[ e ] BO:(:L _J,

&z

4
17

8

1 0 3 -2
B]_ = 1 BZ = ’
0 -1 0 1

d=

1t0

2t —t
e e
In this example a fundamental matrix of differential part is (t) = ( ) ] .
2e® e
Let us now investigate boundary value problem (16), (17) by the parametrization method. We introduce the

1
additional parameters 4, =x(0), 4, = X(Ej A, = x(1), and performing a replacement of the functions

1 1
u,(s)=x(s)—4,, se [OEJ , Uy, (S)=x(s)—4,, Se [Elj .Then for the function u,(s), r=212, we

have the equalities

2t —t
—1(3—e2t—2e") 1(e”—e") L.
um=| 3 3 o+ 3 3 te[o 1)
t -t PN
g(em e—t) _}(3 a2t e—t) t3+2—22 _4(; 2
1 —t+1 1 —t+1 —t+1
(ezu +2 2 _3J _3[ 2 _ g2t 2 _1_ 11e#? N 2% 2 .
u,(t) = S . o A, + 24 ZA:HE , te[z, }
—Zle 2 _eg*t Zl2e*tye 2-3 2 22e*?t 20e 2
3 3 Y

Boundary condition and matchingconditions of solution at t =1/2, t =1lead to the following system
oflinear algebraic equations with respect to parameters:

QX =F, X eR®% (18)

where
2 1 1 0 3 -2 L2
1 -1 -1 0o 1 4
1 1 2 i
(e+2e 2} 3[e—e Zj -1 0 0 O 8
1
2 N A l[9+4e—16e 2]
Q=| ;le-¢ 2 —| 2e+e ? 0 -1 0o o0} 12
3 3 =

44

1 1
——|51-16e—-32¢ ?
24

1 1
—|11e —29e ?
24

1 1
—| 22e—-72+29% ?
24




Kasax memnexemmix gvr30ap nedazoeuxanviy ynugepcumeminiy Xabapwwicoi Ne 1 (73), 2018

3

- * * * * 6 - * _1 * _Z * 0
From (18) we find A" = (7,25, 43 )e R°with 4; = 5 A=l 7 | A= 3|

In accordance with (14), (15) we find a unique solution to Problem (16), (17)

1 _ 1 oz
- 5(e”—4et) J{em ot ]j_ §(21—27‘°’+12—2)e2 dr:(tz_l} te{o,lj,

X" (t)=

1

20 —e 0 g(42__2_3_2_2_4)91

%(e2t +2e) t*+2 2

1
1 geat _pge ™
24
= +

1 2t-1 e
—| 22 +29% 2
24

1
2 Nt | =203 472 =2
(et et) 3( )e i

t? -1 1
+ 2 2t —t .[ 1 :(ts 2}, te[551:|1
e —€ 1 5(42__2,3_2_2_4kr +

2

e x"(t) = [tt:;;] tef0,1].

In this example, we have been able to construct the fundamental matrix of the differential part
considered ordinary differential equation. Algorithm of the parameterization method allowed to construct a
solution of problem (16), (17) in an explicit form.

=
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KO JUPPEPEHIUAIIALIK TEHJEYJIEP )KYHECI YIUIH ChI3BIKTHI KOITHYKTEJI
METTIK ECENTIH IEMLIIMILTITT TYPAJIBI

JK.M. Kaowipbaeea*
'}.-M.F.K., aFa OKBITYILIEL,
Kazak MeMIIeKeTTiK KbI3Jap MeIarorukaiblK YHUBEPCHUTETI,
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Kot guddepeHUMANIBIK TeHAEYJAEpP >KYHeci YIIiH CBhIBBIKTBI KOIMHYKTeJi IIEeTTIK ecel
KapacTblpbLiaZbl. KapacTeIpbliblll OTHIPFAH €CENTi Lielly YIIiH [apaMeTpJey 9Jici KoJAaHbLIa/bl
Kot guddepeHumanblK TeHAeyAep KyWeci YIIiH CbhIBBIKTBI KOMHYKTeJi HIeTTiK ecel ILIeTKi
YKOHEeapasIbIKThl 66JIYHYKTeJepiHAe KOChIMILA NMapaMeTpJep eHri3y apKplibl MapaMeTpJi mapa-nap
HIETTIK ecenke KeJTipisieAi. Makasna oM auddepeHIUaNAbIK TEHAEYIEP KyHeci VIIiH ChI3BIKThI
YUIHYKTeJIi eTTiK ecenTiy, 1eliMiH Taby MbICaJIbIMEH CUNTATTAIa/bl.

Tyiiin ce3dep: nuddepeHnUaNbIK TeHJEY, IETTIK ecel, mapaMeTpJiey dfici, menrigiMaiIiK,
dyHlaMeHTaNIbIK MaTPHUIA.

O PA3PEIIMMOCTH JIMHEMHOM MHOI'OTOUYEYHOM KPAEBOM 3ATAUYH 151
CHUCTEM OBBIKHOBEHHBIX JTU®PEPEHIIMAJIBbHBIX YPABHEHUM

JK.M. Kaoupéaesa*
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PaccMaTpuBaeTcsl JiMHeHHass MHOTOTOYe4Hasl KpaeBas 3ajaya /JJs CUCTeM OObIKHOBEHHbBIX
nvddepeHMaNbHbIX YpaBHeHUH. [l pelleHHMs paccMaTpyMBaeMOH 3aZlaud NPUMEHSIETCS METOJ
napameTpusauud. JluHelWHasi MHOTOTOYeYHasl KpaeBas 3aZiaya /Jsl CUCTeM OOBIKHOBEHHBIX
JuddepeHIHaNbHBIX YPaBHEHUN MyTeM BBeJ€HHUsI JOMOJHHUTENbHBIX MapaMeTPOB Ha KOHLAX U B
TOYKaX pa3bHeHHs MHTepBasa CBOAUTCA K 3KBUBAJIEHTHON KpaeBoM 3ajiaye ¢ napaMeTpaMu. CTaTbs
WJIIOCTPUPYETCS NPUMEPOM [JIsi HaXOXKJeHUS pellleHUsl JUHEeMHOW TpexTOoueyHOH KpaeBoH 3ajayu
JlJIsl cUCTeM OObIKHOBEHHBIX AU depeHnaNibHbIX YpaBHEHUM.

Kawuessle cnroea: puddepeHnpanbHoe ypaBHeHNe, KpaeBasd 3aZa4a, MeTo/, NapaMeTpu3aluy,
paspelmnMocTb, PyHjaMeHTalbHasA MaTpULa.
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